RIEMANN-STIELTJES INTEGRAL OPERATORS 
BETWEEN WEIGHTED BERGMAN SPACES 



Jie Xiao 

Abstract. This note completely describes the bounded or compact Riemann-Stieltjes in- 
tegral operators T g acting between the weighted Bergman space pairs AV) in terms of 
particular regularities of the holomorphic symbols g on the open unit ball of C n . 



1. Introduction 

Let M n = {z eC n : \z\ < 1} be the open unit ball of C n . Set dM n = {z G C n : \z\ = 1} 
be the compact unit sphere of C n - an n-dimensional Hilbert space over the complex field 
C under the inner product 



n 

[z, w) = z k Wk, z = (zi, z 2 , z n ), w = (w b w 2 , w n ) G C n 
k=l 

and the associated norm 

\z\ = (z.z) 1 / 2 , zeC n . 

Given a holomorphic map g : M n — > C. For a holomorphic map / : B n — > C, we, as studied 
in [Hu], define the Riemann-Stieltjes integral of / with respect to g via 

(1.1) T g f(z) = [ f^Kgitz^dt, zeM n 

Jo 



where 

n 

V n( ^ = 

dz 



_ . . dg(z) . . 

><<g{z) = 2_^Zj—— , z= {z 1 ,z 2 ,...,z n ) G 



i=i 
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stands for the radial derivative of g. In particular, if 

1 = (1,1,...,1) and g(z) = -\og(l-(z,l)) 

then (1.1) becomes 



T 9 f(z) = f 1 f(tz)(tz, 1)(1 - (tz, l))" 1 *" 1 ^, 
Jo 



z e 



a higher dimensional version of the classical Cesaro operator. 

We consider the problem of determining the optimum on g such that 

(1.2) T g : A v a — * A q p boundedly or compactly. 

Here and henceforth, for p > and a > — 1, A v a is the weighted Bergman space of all 
holomorphic maps / : B n — > C satisfying 

ll/IUs = ( f l/WI P (l - k| 2 ) Q ^wl ^ < oo, 



where (if denotes the Lebesgue volume measure on B n . It is known that if p — q > 1 and 
a = [3 > —1 then (1.2) holds if and only if g belongs to the Bloch space or the little Bloch 
space; see for example [AISi] (for n = 1) and [Xi] (for n > 1). But, in other cases (even for 
n = 1), the optimal (A^, A^) estimates have not yet been worked out; see also [AICi] (and 
references therein) for the setting of (H p : H q )-the 1-dimensional limit case of {A v a , A 9 p) as 
a = (3-^-1. 

The goal of this note is to find out the optimal conditions of g such that (1.2) holds in 
all possible cases on (p, q) e (0, oo) x (0, oo) and (a, 0) G (—1, oo) x (—1, oo). Below is our 
result. 

Theorem 1.1. Let a, j3 G (—1, oo), p,q G (0, oo) and (7 : B n — > C be holomorphic. 

(i) If p > q then T g : A v a — > A| boundedly or compactly if and only if 

(1.3) / (|7^)|(1 - |z| 2 ) 1_ f + f)^du(z) < 00. 

(ii) If p < q then T g : A v a — > A| boundedly or compactly if and only if 

(1.4) sup |7fy(z)|(l - \z\ 2 f — +^T~ < cx) 



or 

(1.5) lim |^( 2 )|(1 -|z| 2 ) 



2 \ 1 — " + ! + " _|_ " + 
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It is worth pointing out that the symbol g satisfying (1.3) or (1.4)/(1.5) is a constant 
whenever 

. 1 + a 1 + p . n + l + a n + l + (3 1 . ^ 

1 < and p > q or > 1 and p < q. 

p q p q 

The rest of this note is organized as follows. In Section 2, we collect some preliminary 
but useful facts on the weighted Bergman spaces and Khinchine's inequality. In Section 
3, we demonstrate Theorem 1.1 through these preliminary results and some of the ideas 
exposed in [Lu] and [SmYa]. 

2. Preliminaries 

When p > 1, the space A v a is a Banach space equipped with the norm || • \\ a p , and when 
p G (0, 1), the space A v is a complete metric space with the distance d{f 1 g) = \\f — g\\ p AP ■ 

First of all, we need a growth property of holomorphic functions on B n . To do so, we 
denote by 4> w the automorphism of B n taking OtowG B n , i.e., 

{z, w = 
l^fc) « 

where Q w = I — P w , / is the identity map and P w is the projection of C n onto the 
one-dimensional subspace spanned by w ^ 0. For r > and z£l„ put 

which is called the Bergman metric ball with center z and radius r. 
Lemma 2.1. Let p G (0, oo) and a G (—1, oo). If f : B n — > C is holomorphic then 

(2.1) 1/(^)1(1-1^)^ < ( f \f( w )\P(l-\ w \Ydv(w)) , z G B n . 

\JD(z,r) J 



For a proof of (2.1), see also [Zh, p. 64]. 

Next, we state two characterizations of the weighted Bergman spaces. 

Lemma 2.2. Let p G (0, oo), a G (— l,oo), and f : B n — > C be holomorphic. Then the 
following three statements are equivalent: 

(i)/e^S- 
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(ii) 



Al = l/(0)| + ( [ W(z)\*(l - \z\ 2 r+ a dv(z)) " < 00. 



(iii) For any r\ G (0, 1], there exist a sequence {zj} in B n such that 

(a) B n = UjDiz^rj); 

(b) D(z j ,%)nD(z k ,$) = Qforj?k; 

(c) Each point z G B n /zes m at most N = N(rj) of balls from {D(zj, 2t])}; 
(d) 



l+a 



where {cj} is in the sequence space l p and b is a constant greater than nmax{l, -} + 
Moreover, if f G t/ien 



(2.2) 



For a proof of Lemma 2.2 and its sources, see for example [Zh, Chapter 2] and [CoRo] 
as well as [Sh]. 

Finally, we quote the following well-known form of Khinchine's inequality. 
Lemma 2.3. Suppose 

1, < t - [t] < 1/2 



ro(t) = 
and 



-1, 1/2 <£-[£]<! 



r j {t)=r Q (2?t), J = 1,2,..., 
and let p G (0, oo) and (ci, c m ) G C m , m = 1, 2, .... Then 



(2.3) 



eft 



Note: In the above (and below), the notation U ~ V means that there are two constants 
Ki, K2 > such that AviV < U < k^V . Moreover, if U < k^V then we say U < V. 
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3. Proof 

To begin with, we notice that the formula 
(3.1) KT g f(z) = f(z)Kg(z), z G B n , 

holds for all holomorphic maps /, g : B n — > C. And, let us agree to two more conventions: 

dv /3 (z) = (l-\z\ 2 ) l3 dv(z), zeB n , 

and 

\\ t 9 \\a^ai = sup \\T g f\\ A% . 



It is clear that 
(3.2) 



\T g S\\ A % < \\T 9 \\ A ^Adf\U, /G^S- 



Proof of Theorem 1.1 (i). Suppose p > q. Let (1.3) be true. By (2.2), (3.1) and 
Holder's inequality we have that if / G A p a then 



\f{ Z )TZg{ Z )\\l-\ Z \ 2 Ydv p {z) 



£ ll/llis 



\Tlg{z)\{l- |z| 2 ) 1 "f + f)"-«du(z) 



P— 9 
P 



implying the boundedness of T g : A v a ^ A q ^. 

Conversely, suppose T 3 : A£ — > ^ is bounded. Then H^IUs-^Al is finite with (3.2). 
For each natural number j let 



(l-l^-l 2 )' 



(!-<*,*,■»' 



where {zj} is the sequence in Lemma 2.2 (iii). Let {cj} G Z p , and choose {rj(£)} as obeying 
Lemma 2.3. Then {cjTj(t)} g Z p with || {cjr^- (t) } || ZP = || {cj}|| ZP , and so J2j c j r A l ) K 3 e A a 
with 



4 P 



due to Lemma 2.2 (iii). This fact plus (3.2) derives 



111 J JIIZp > 
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Furthermore, integrating this inequality from to 1 with respect to dt, as well as using 
(3.1), Fubini's theorem and (2.3) in Lemma 2.3, we get 



f (Yl l c ^W| 2 ) f (\^9(z)\(l -\z\ 2 )) q dvp(z)<\\T g r A 



A*-*A q a \\{ C j}WlP 



Noticing the estimate 

|1 — (z, Zj)\ 1 — \zj\ 2 as z e D(zj,2rj), 

applying the condition (c) in Lemma 2.2 (iii), and letting 1^ be the characteristic function 
of a set E CM n: we achieve 



| 7 P( , J , 2 ,,,(iftgwi(iH^))v^ r 

(i-N) p 



^B„ - V(l-|^| 2 )^^/ 



■v. (i - i^i 2 ) — ^ — y 



The last estimate indicates 



(i-M 2 ) p 



Because 7^.(7 is holomorphic on B n , by (2.2), (2.1) and the condition (a) in Lemma 2.2 (iii) 
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we achieve 



/ {\Kg(z)\(l - \z\ 2 ))^(l - \z\ 2 )^=^dv(z) 

< W iimm -\z\ 2 ))^(i-\z\ 2 )^dv(z) 

j JD( Zj , V ) 



3 



p 
-q 



Id(^,„) \ (1 - \z\ 2 ) ? / 



< v ( i m . lM (mm - www, . 

(i-N 2 ) 



J 



7^,^(1^)1(1 -N 2 )) <M*) 



< IIT 1 II p ~ 9 



giving (1.3). 

Regarding the compactness, it suffices to show that if (1.3) holds then T g : A p a — > A| is 
compact. Assuming (1.3), we obtain that T g is a bounded operator from A v a — > A| and so 
(7 = (7(0) +T 3 1 G A q p. In addition to this, we also see that for any e > there is a S G (0, 1) 
such that 

f (\Kg(z)\(l-\z\ 2 ))^(l-\z\ 2 )^dv(z)<e. 

J\z\>5 V J 

Since the weak convergence in A v a means the uniform convergence on compacta of B n , 
we may assume that {fj} is any sequence in the unit ball of A v a and converges to 
uniformly on compacta of B n . For the above e > there exists an integer jo > such that 
sup 1 ^ 1 < 5 \fj(z)\ < e as j > j . With the help of (3.1), (2.2) and Holder's inequality, we 
further obtain 

\\T B fi\\ 9 A% « ( / + / ) (\fj(z)Kg(z)\(l - \z\ 2 )) q dv p {z) 

\J\z\<8 J\z\>5J V 7 

/ pi \ 2 ~p L 

<#\\9\\ q A * + \\m q A * [ (\n 9 (z)\(l-\z\ 2 ))^(l-\z\ 2 )^dv(z)) ^ 

" \J\z\>8 V J ) 

In other words, linij^oo HT^/jIU 9 = an d so T g : A v a — > A\ is compact. 
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Proof of Theorem 1.1 (ii). Suppose now p < q. If (1.4) holds then 

n n i^, / \ i / -% i ,2n-v -. n + l + a n+l+P 
\\g\\ B -r = sup \Kg(z)\(l - \z\y < oo, 7 = 1 + • 

2 6B„ p q 

From (3.1), (2.2) and (2.1) it turns out that for / e A p a , 

IIVII^ / \f{z)\ p \f{z)r p \ng{z)ni-\z\^dv p {z) 

< ii/uy ni^ / \mni - \ z \y-^- (q - p){ T +a) dv ^ z) 



<\\f\\U\g\\ q B,- 



That is to say, T g : AP a — > is bounded. 

Conversely, if T g : A v a — > A| is bounded then the operator norm HTgU^p^^a is finite 
with (3.2). Keeping this in mind, we deal with two cases: p > 1 and p < 1. 

Case 1: p > 1. Define 

z,w G Jrs n . 

A routine calculation (see for example [FaKo] or [Zh, pp. 20-21]) yields 

(3.3) ||K(«v)IU^(l-M 2 ) 5 • 

Using (3.1), (2.2), certain transformation properties of (fi w and (2.1) (for lZg((f) w )), we 
obtain 

\\T g K(w,-)\\*n ! \K{ Wl zW\ng{z)\^l-\z\ 2 rdv p {z) 

> ri - |„ ; |2™+(l-«)(n+l+«)+/3-a / |^(^(^))|ni-|^| 2 ) g+/3 , , , 
~ 1 11 J i H < 1/2 |1 - ( u , 1i ,)|2n+2-(„ + l+a),+2(^-a) dU W 

> (1 - M 2 ) g+(1 ~ 9)(n+1+a)+ ^~1^(<M0))| 9 

> (1 - |«;| 2 ) g+(1 - g)(n+1+a)+/3 - a |^(«;)| g . 

In brief, we have 

(3.4) \\T g K(w,-)\\ q A% > (l-lwfy+^-^+^+P-^Kgiw)^. 

This estimate, together with (3.3) and (3.2) (for /(•) = K(w, •)), produces (1.4) right away. 
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Case 2: p < 1. Select a positive integer m > n + 1 + a and set 

K p (w,z) = (1 - (z,w)) p , z,weM n . 
Just like the case of p > 1, it follows that 

(3.5) ||k p k -)IU S « (i - H 2 ) — 5 — 

and 

(3.6) ||T ff tf p (uv)||i, >(l-hl 2 ) 9+n+1+/3 "^I^HI 9 - 



A combination of (3.6), (3.5) and (3.2) (for /(•) = K p (w, •)) yields (1.4) too. 

To establish the corresponding compactness part, we assume that g satisfies (1.5). Then 
g G A q p, and for any e > there is an 5 G (0, 1) such that as \z\ G (5, 1), 

lT> / M/1 I |2W 1 n+l+tt 71+1+/3 

|^(2)|(1- |^| 2 )t < e, 7 = 1 + . 

p q 

In order to prove that T g : A p a — > A| is compact, we consider any sequence {/_,•} in the 
unit ball of A v a which converges to uniformly on compacta of B n . For such a sequence, 
there is an integer j > such that sup| z | <(5 \ fj(z)\ < e when j > jo. Hence by (3.1), (2.1) 
and (2.2), 

\\tm\i w / \mK 9 {z)ni - \z\ 2 rdv p ( Z ) 

<e q j ^{zmi-^Ydv^+^Wf^ I \f 3 {z)\v{l-\z?Tdv{z) 

J\z\<8 J\z\>5 



< f q \\a\\ q 



A" 



II/* His) 



<e q (\\g\\ q Al + i 



Namely, Hlg/jU^? — » as j ; — > oo. Therefore T g is a compact operator from A^, to Ai. 



■j (i /3- 

inn 1 4- / _. . 

g . Sl a —r Jlp 



On the other hand, if T„ : A v a — > is compact, then, for z, w G B n let 



k p (w,z) = 



II*(«v)IIas ' 
Jfp(w,z) 

II^p(»,-)II a p 



p > 1 
P < 1. 



Obviously, k p (w,-) tend to uniformly on compacta of B n as w — > <9B n . By the compact- 



ness of T g : A v a ^> A q p, we find 



The above limit, along with (3.3), (3.4), (3.5) and (3.6), yield (1.5). 
Acknowledgment. The author is grateful to K. Zhu for his helpful emails. 
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